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Abstract 

We describe the T-space of central polynomials for both the unitary 
and the nonunitary finite dimensional Grassmann algebra over a field of 
characteristic p 7^ 2 (infinite field in the case of the unitary algebra). 

1 Introduction and preliminaries 

Let k he a, field and X a countable set, say X = {xi \ i > 1}. Then ko{X) 
denotes the free (nonunitary) associative /c-algebra over X, while ki{X) denotes 
the free unitary associative fc-algebra over X. 

Let H denote any associative fc-algebra. For any X C H, {X) shall denote 
the linear subspace of H spanned by X. Any linear subspace of H that is 
invariant under every endomorphism of H is called a T-space of H, and if a 
T-space happens to also be an ideal of H, then it is called a T-ideal of H. For 
X C H, the smallest T-space containing X shall be denoted by X^ , while the 
smallest T-ideal of H that contains X shall be denoted by X^ . In this article, 
we shall deal only with T-spaces and T-ideals of ko{X) and ki{X). 

An element / G ko{X) is called an identity oi H ii f is in the kernel of every 
homomorphism from fco(X) to H (from ki{X) if H is unitary). The set of all 
identities of _ff is a T-ideal of fco(^) (and of ki{X) if H is unitary), denoted by 
T{H). An element / e ko{X) is called a central polynomial oi iJ if / ^ T{H) and 
the image of / under any homomorphism from ko{X) {ki{X) if H is unitary) 
belongs to Ch, the centre of H. 

Let G denote the (countably) infinite dimensional unitary Grassmann alge- 
bra over fc, so there exist £ Go, « > 1, such that for all i and j, e^ej = —BjCi, 
ef = 0, and S = { CijCj^ • • • e^^ | n > 1, zi < 22 < • • • i„ }, together with 1, forms 
a linear basis for G. The subalgebra of G with linear basis B is the infinite 
dimensional nonunitary Grassmann algebra over fc, and is denoted by Gq. Then 
for any positive integer m, the unitary subalgebra of G that is generated by 
{ ei, 62, . . . , Cm }, is denoted by G{m), while the nonunitary subalgebra of Gq 
that is generated by the same set is denoted by Go(m). 



Evidently, T(G(m)) C T(Go(m)). It is well known that T^^\ the T-ideal of 
ki{X) that is generated by [[xi, 0:2], ^3], is contained in T{G{m)). For conve- 
nience, we shall write [xi,a;2,a;3] for [[xi, a;2], xa]. 

We shall let CP{G{m)) and CP{Go{m)) denote the T-spaces of fci(X) and 
ko{X) that are generated by the central polynomials of G(m) and Go(m), re- 
spectively. Evidently, r(G(m)) C GP(G(to)), T(Go(m)) C GP(Go(m)), and 
CP{G{m)) n ko{X) C GP(Go(to)). 

For a field of characteristic 2 or if m = 1, the unitary finite dimensional 
Grassmann algebra of dimension m (and hence the nonunitary Grassmann al- 
gebra of dimension m) is commutative, and thus the T-space of central poly- 
nomials for each is fco(X). It is for this reason that we restrict our attention 
to those fields of characteristic p ^ 2 and only consider Grassmann algebras of 
finite dimension m > 2. 

In this paper, we use techniques developed in pL] to describe the T-space of 
central polynomials for both the unitary and the nonunitary finite dimensional 
Grassmann algebra over a field of characteristic p 2 (except for the case of 
the finite dimensional unitary Grassmann algebra over a finite field). As in 
the infinite dimensional case, the description of the central polynomials relies 
heavily on having complete knowledge of the T-ideal of identities of the relevant 
Grassmann algebra, due to A. Giambruno and P. Koshlukov [4| for the case of 
the unitary finite dimensional Grassmann algebra over an infinite field of char- 
acteristic p > 2, and to A. Stojanova-Venkova [5] for the case of the nonunitary 
finite dimensional Grassman algebra over an arbitrary field. It is of interest to 
note that the same general approach has been used for both the unitary and 
nonunitary, infinite and finite dimensional Grassman algebras. 

We complete this section with a brief description of results from the literature 
that will be required in the sequel. 

Lemma 1.1 ([l], Lemma 1.1) 

(i) [u, vw] — [u, v]w + v[u, w] for all u,v,w G fco(A"). 

(ii) [u, vw] — [u, v]w + [u, w]v + [w, [u, w]] for all u,v,w ^ kt){X). 

(in) [m, nr=i = Sr=i( I""' 115=1 Vj ) [modT'^^^) for any positive inte- 
ger n, and any u,vi,V2, ■ ■ ■ ,Vn ko {X) . 

(iv) [u^v][w,x\ = —[u^w\[VtX\ {modT'-^'') for all u,v,w (1 kf){X) . 

(v) [u,v\[u,w\ = (modT^^^) for all u,v,w G fco(A"). 

(vi) [u,v]uw = [u,v]wu (modT^^^) for allu,v,w G ko{X). 

(vii) For any n>2, x'^x'^ = (xiXa)" + Q) [xi, a;2]a;i"^a;^"^ {modT'-^'^). 

The following lemma summarizes discussion found in Siderov where G 
is the linear subspace of Gq spanned by { Hi™! \ ^ > 1}, and H is the linear 
subspace of Go spanned by { n^"]"^ | n > 1 }. 
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Lemma 1.2 

(a) For h,u G H, hu = —uh. In particular, h"^ = (since p ^ 2). 

(Hi) Let g G Go, so there exist (unique) c ^ C and h E H such that 
g — c + h. For any positive integer n, g" — c" + nc"~^h. 

(iv) Forge Go, g^^O. 

(v) Let ci,C2 G C and ft.i,/i2 S H, and set gi = ci + hi, g2 = C2 + /i2- 
Then for any nonnegative integers mi,m2, [gi, g2\gT^ dT^ — 2c™^c™^/ii/i2 
(where g^ and c^ are understood to mean that the factors gf and c^ are 
omitted). 

(vi) Let u € Gq. Then m""*"^ = 0, where n is the number of distinct basic 
product terms in the expression for u as a linear combination of elements 
ofB. 

Definition 1.1 Let SS denote the set of all elements of the form 
(^) n*=iC' or 

where ji < j2 < ■ ■ ■j2s, ft > for all i, ii < i2 < ■ ■■ < it, { ii, . . . , V } H 
{ ji, . . . , j2s } = 0) and ai > 1 for all i. 

Let u G SS . If u is of the form (i), then the beginning of u is rir=i j 
end of u is empty, the length of the beginning of u, lheg{u), is equal to t and 
the length of the end of u, lend{u), is 0. If u is of the form (ii), then we say 
that the beginning of u is empty, the end of u is Y[t'=i[^j2r-n ^'2r]Xj^^^^ x^^^ , 
and lbeg{u) ~ and lend{u) — s. If u is of the form (Hi), then we say that 

the beginning of u is nt=i'^i!.'^' ^^'^ '^'^'^ of u is Y[t=i[^j2r-n^2r]x^^(^2i^j2r ' '^'^^ 
lbeg{u) = t and lend{u) = s. 

In [5], Venkova introduced a total order on the set SS which was useful 
in her work on the identities of the finite dimensional nonunitary Grassmann 
algebra. 

Definition 1.2 (Venkova's ordering) For u,w e SS, we say that u > v if 
one of the following requirements holds. 

(i) deg u < deg v. 

(ii) degu = degw but lend{u) < lend{v). 

(Hi) degM = degw and lend{u) — lend{v), but there exists i > 1 such that 
degj,. u < deg^. v and for each j < i, deg^. u = deg^^ v. 
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(iv) degu = degw, lend(u) = lend{v) and for each i > 1, deg^. u = deg^,. v, 
and there exists j > 1 such that Xj appears in the end of u and in the 
beginning of v, and for each k < j, Xk appears in the beginning of u if and 
only if Xk appears in the beginning of v. 

It will be helpful to note that if u > u by virtue of condition (iv) , then there 
exists k > j such that Xk is in the beginning of u and in the end of v. 

2 The central polynomials of the finite dimen- 
sional unitary Grassmann algebra over an in- 
finite field of characteristic p ^ 2 

In this section, k denotes an infinite field of characteristic p ^ 2, and for any 
integer m > 2, G{m) denotes the subalgebra of G that is generated (as an 
algebra) by { ei, 62, . . . , e„r }. 

Lemma 2.1 Let m > 2 be an integer. Then CG(m) is equal to Cq C\G{m) if m 
is even, and to {Cg H G{m)) + (HrLi ^r) if m is odd. 

Proof. Since Cg C\ G{m) C Cg(,„), and eie2- ■■Cmg — gei ■ ■ ■ Sm for all 
g e G{m) (both products are for 5 e {13)), we have (CGnG(m)) + (n^i er) C 
CG(m)- Let 5 G CG{m)- Then there exist « G fc, c G CnG{m), and /i G HnG{m) 
such that g ~ a + c + h. For any Ci with 1 < i < 7ti, we have gci = Cig, but 
gci — aci + cEj + hci, while e^g = aci + ce^ + e^/i, so Cih = hci for each i with 
1 < i < m. However, since ft, G -ff, we have e^ft. = —hci, and thus 2eih = for 
all i = 1,2,..., m. Since p ^ 2, we have Cih = for all i — 1,2, ... ,m. Since 
the elements of B fl G(m) are linearly independent in G{m), this implies that h 
is either or else is a scalar multiple of 6162 .. . (in which case, m is odd), 
which proves the result. ■ 

Definition 2.1 For any positive integer j , let hj — Yli=i[^2r~i, X2r]- 

Lemma 2.2 Let m be a positive integer, and let bm — LtJ Then T{G{m)), 
the T -ideal of identities of the unitary Grassmann algebra G(m), has basis 

{ [xi,X2,X3],hb^ }. 

Proof. li p > 2, this is Corollary 8 of [4], so suppose that p — 0. By 3J, Propo- 
sition 4.3.3, T{G{m)) has as basis the set of all proper multilinear identities of 
G{m); that is, the set of all multilinear products of commutators. Since T'-^-' C 
T{G{m)), it suffices to consider only multilinear products of 2-commutators. 
Let r = bm and consider hr. We claim that hr G T(G{m)). Evidently, if any Xi, 
i = 1,2, . . . , 2r, is replaced by an element of k, the result is 0. By the multilinear- 
ity of hr, it suffices to consider hr{gi, g2, ■ ■ ■ , <?2r), where gi ^ Ci + hi, Ci G C and 
hi G H for each i ~ 1,2, . . . , 2r. Then by Lemma 11.21 (v), hr{gi, g2, ■ ■ ■ , g2r) = 
2^ YiiLi ^^i- Since 2r > in + 1, it follows that hr{gi, g2, ■ ■ ■ , g2r) — 0. Since 
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hr £ ko{X), this establishes that hr € T{G{m)). On the other hand, for any 
n < r (so 2n < m), /ira(ei, 62, . . . , e2n) — 2"eie2 • • • 62,1 ^ since p ^ 2. Thus 
T{G{m)) = {[xi,X2,X3],hr}'^. m 

Definition 2.2 For u = Ci-^Ci^ ' ' ' G ■^j s{u) — { e^j , , . . . , e^^ }, while 
s(l) = 0. T/ien for any g € G, let s{g) — lJi!li s{gi), where g — J2iLi '^idi '^^^h 
Oi G k* and gt £ B {1} . We shall refer to s{u) as the support of u. 

Lemma 2.3 Let 

t t s 

u= JJa;"-- or ( J| x""-) J| [a;t+2r-i, a;t+2r 



■^t+2r-l •^t+2r ' 



=1 r— 1 r— 1 



where t>l, s>l,ar> \ for 1 < r < t, and if u is of the latter type, > 
for t+1 < r < t -\- 2s . Then u ^ CP{G{m)) if and only if 2lend{u) < m — 2 
and, if p > 2, there exists a with 1 < a <t and aa ^ (modp). 

Proof. Suppose first that u ^ CP{G{m)). If p > 2, then by [IJ, Lemma 3.2 
and the fact that CP{G) C CP{G{m)), there must exist a with 1 < a < t and 
tta ^ (modp). If u is of the first type, then lend{u) = and since m — 2 > 0, 
there is nothing more to show. Thus it suffices to consider only u of the latter 
type. Since u ^ CP{G{m)), there exist 31,52; ■ ■ ■ jgn G G{m), where n = t + 2s, 
such that u{gi,g2, ■ ■ ■ ,gn) ^ CQ^ja)- For each r = 1, . . . ,n, let 5^ = c?r + h^., 
where d^ = + c^, G fc, £ C„n G iJ„i- Then u{gi,g2, ■ ■ ■ ,gn) is 
a linear combination of terms of the form di-^di^ ■ ■ ■ di^hi^^-^ ■ ■ ■ hi^c (including 
the possibility that no d^^'s appear, which we think of as e = 0, or no /i^^'s 
appear, which we think of as e = t), where { ii, 12, . . . , «t } = { 1, 2, . . . , i }, and 
c = Ilt=i[9t+2r-i, gt+2r]gt+2r'^i 9t+2r" ■ I* foUows from Lcmma [O] (v) that 
c G Cci^m). Since 7/(51, 52, . . • ,gn) 4- C^G{m), at least one of these terms must 
not belong to Cg(,„), and so there exists e such that the support sets of c, 
djj , . . . , c?i^ , /li^^j , . . . , /lij are pairwise disjoint, i — e is odd, and, by Lemma 
12. 1[ if m is odd, the union of the supports sets must be properly contained in 
{ ei, 62, . . . , Cm }. Since \s{di^)\ > and \s{hi^)\ > 1, we have 

e t f 

M ^ I even 

odd. 



|s(c)| + l < |.s(c)|+t-e < |s(c)|+^ |s(d,J|+ ^ |s(/i,J| < <^ 



r—e+l 



m 



By Lemma 11.21 (v) , c is a scalar multiple (necessarily nonzero) of a product 
of terms of the form Cj,'^^["^Cj2^^'^/it+2r-i^i+2r, so \s{c)\ > 2s. Thus we find 
that if m is even, then 1 + 2s < m, or 2s < m — 1, while if m is odd, then 
1 + 2s < TO — 1, or 2s < TO — 2. For to even, 2s < to — 1 is equivalent to 
2s < TO — 2, so these two cases can be consolidated into simply 2s < to — 2, as 
required. 

Conversely, we prove that if 2lend{u) < to — 2, and, if p > 2, there exists a 
with \ < a <t and aa 7^ (modp), then u ^ C{G{m)). In the characteristic 
zero case, we take a — 1. Now set ga = 1 + e^, and gi = 1 for all i with I < i < t, 
i ^ a. If u is of the latter type, set gt+r = 1 + ei+r for r with 1 < r < 2s. 
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Then the odd part of u{gi,g2, ■ ■ ■ ,5,1) = (l + aaCa) Yilti 2ei+2r-iei+2r is equal 
to aaeaJIrii 2ei+2r-iei+2r, and this is nonzero since aa 7^ and p ^ 2. Since 
the support of Jlr=i ci+2r-iei+2r has size 2s + 1 < m — 1, it foUows that this 
element is not in CG(m). Thus u{gi,g2, ■ . . , (?n) ^ CG(m,), and sou ^ CP(G{m)). 

■ 

Definition 2.3 For positive integers i, n, ri, r2, . . . , r„ with t < n and, if p > 2, 
rt ^ (modp), let A/j „(ri, r2, . . . , r„) denote the set of all elements u £ SS 
with lbeg{u) > 0, subject to the requirements that Xt appears in the beginning of 
u and deg^ . (u) — ri for every i . 

Lemma 2.4 ([Ij, Lemma 3.3) Let t,n,ri,r2, . . . ,rn be positive integers with 
t < n and, if p > 2, rt ^ (modp). Then for any u g Afj „(ri, . . . ,r„), there 
exist 51, (72, ■ ■ ■ ,9-11 in G{z), where z = 2(deg(w) — lend{u)) — \, such that the 
following hold: 

(i) u{gi,g2, . . . ,5n) has nonzero odd part in (0^=1 ^i)' 

(a) for any v £ M/ „(ri, . . . , r„) with u> v, v{gi,g2, . . . , g„) = 0; 

Corollary 2.1 For any positive integers n, ri, r2, . . . , r„ with t < n and, if 
p > 2, rt ^ (modp), 

{MUn,- ■ ■ , r„))nCP{G{m)) = {{ue MUin,- • • , r„) I 2lendiu) > m ~ 1}) . 

Proof By LemmaO {{u e „(ri, . . . , r„) | 2lend(u) > m - 1 }) IS con- 
tained in (Mt'_„(ri, . . . , r„)) n CP{G{m)). Let 

7.e(M;„(ri,...,r„))nC7P(G(TO)), 

with M 7^ 0. Then u is a linear combination of some ui > U2 > • • • > 
ui £ M/ „(ri, . . . , r-n). Suppose that ui ^ CP{G{m)). Then by Lemma [231 
2lend{ui) < m—2. But then by Lemma f2.4| there exist 51, (72, ■ • ■ , 5™ in G{z), the 
subalgebra of G that is generated by { ei, £2, . . . , Cz }, where z = 2lend{u) + 1 < 
TO — 1, such that (72, • ■ • , <7n) has nonzero odd part in (nr=i ^^'^ 

u{gi,g2, ■ ■ ■ ,gn) = -^1(31, . . . By Lemma [2Tl u(.gi, 32, ■ • ■ , ffn) ^ GG(m), 

and this contradicts the fact that u £ CP{G{m)). Thus ui G CP{G{m)), and 
then by Lemma [2.31 2lend{ui) > to — 1. Since all elements of M/„(ri, . . . ,r„) 
have the same degree, it follows that lend{ui) > lend{ui) for every i, and so 
2lend{ui) > to — 1 for every i, as required. ■ 

Corollary 2.2 For any positive integers t, n, ri, r2, . . . , r„ with t < n and, if 
p > 2, rt ^ (modp), 

{Ml^iru . . . , r„)) n GP{G{m)) C { X2b„-i V„_i f C CP{G{m)). 

Proof. It is immediate that each element of 

{{ue Aff',„(ri, . . . , r„) I 2lend{u) > to - 1 }) 

is contained in { .T2b„,-i/ib,„-i }'^, so the first containment follows from Corollary 
O That { .T2b„-i/Ib,„-i }^ C CP{G(m)) follows from LcmmaO ■ 
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Definition 2.4 Let Si ~ { [2:1,2:2] }^ if P = 0, otherwise, for each n > 1, let 
= Ilk=i[^2k~ii X2k]x2kliX2k^ , '"^'^ ^hen set 

Si ^ {[XI,X2],XP}^ + {X^2k+l^k I fc > 1}^, 

and then for any positive integer m, let Si{m) = Si + { X2b„^-ihbm-i }^ ■ 

Definition 2.5 Let Ri be the subspace of ki{X) that is spanned by 1 and 

{ u G SS I lbeg{u) > 0, and, if p > 2, for some Xi in the 

beginning of u, deg^.(u) ^ {modp) }. 

Lemma 2.5 For any positive integer m, ki(X) = Ri + Si{m) + T(Gm)- 

Proof. This is immediate from Lemma ^1?^ and 1 , Corollary 3.1. ■ 
Theorem 2.1 For any positive integer m, CP{G{in)) = S'i(m) +T(Gm). 

Proof. Let Ui = S'i(m) + r(G„). Then Corollary [22] and [1], Theorem 
3.1, together with the fact that CP{G) C CP{G{m)), imply that Si{m) C 
CP(G(m)) and thus Ui C CP(G(m)). Suppose that CP{G{m)) -Ui ^ 0. 
Since A: is infinite, if every multihomogeneous element of GP{G{m)) belonged to 
Ui, then GP{G{m)) C Ui, so there exists a multihomogeneous / G GP{G{m)) — 
i7i, say of type (ri, r2, . . . , r„). By Lemma l2.51 f = y^^_i a^u^ (mod ?7i), where 
Ui e i?i for each i. Just as in the proof of [1], Theorem 3.1, we may assume 
that each Ui is multihomogeneous of the same type as /. 

Observe that for every j, lbeg{uj) > 0, and, if p > 2, there must exist an 
index i such that ^ (raodp) and Xi is in the beginning of Uj for some 
j, because otherwise uj G Ui for all j and so / G J7i, which is not the case. 
Let d denote the maximum index such that Xd is in the beginning of Uj for 
some j, and, if p > 2, ^ (modp). Suppose that for some index j, Xd 
appears in the end of Uj. Without loss of generality, we may assume that 

= ^l"^ ■ --^Z' nfc=i([a;j2fc-i,a:j2ja;J;=:>f;^'), where A = r^, - 1 for each 
i, and d = j2i-i for some / with 1 < I < s. By [1], Corollary 2.2 (since S C 5*1), 

s 

"j — 'd [■^32n-^h ■^i2 -^it i-^d j2l 1 i V ^•^J2fc-1 ) ■''J2fc J-^Jsfc-l •^i2fc / 

k=l 
k^l 

(7 * t s 

a=l /!.= ! fc=l 

7^(3) * * . 

= JZ'^d ^»a(n 2;j^'')a:/[a:j2,,a;i^]xj^" x^^'^ Y\_{[x32k-iiXj2k]Xj^^__^Xj^^). 

a=l h=l k=l 
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If p > 2, then since = ^[xfc, Xd]a;^~"^ — (modT^'^)), it follows that 

x^"^ can be moved, modulo T^^\ to the left of each a;^'° in the beginning of uj 
for which m < ia (by choice of m, r^^ = (modp) if m < ia). Furthermore, 
by application of Lemma 11.11 (iv) and (vi) , the end of each summand may be 
manipulated modulo T'-'^^ so as to present Uj as a sum of multihomogeneous 
elements of type (ri, r2, . . . , r„), each in Ri — Ui. We may therefore assume that 
Xd appears in the beginning of each Uj. But then otiUi S M'^ „(ri, . . . , r„). 

Since / = X]i=i o^iWi (modC/i), it follows that Y^i=iOtiUi S CP{G{m)), so by 
Corollary [121 ELi ^ { a;2b,„-i/ib„-i C Ui, and thus / £ Ui. This 
contradicts our choice of /, and so we must have CP{G{m)) — Ui =0, as 
required. ■ 

Corollary 2.3 Let m>2. If k is a field of characteristic zero, then 

CP{G{m)) = { [xi,X2], [xi,X2][xz,Xi],X2bm-ih-b„.^i }^ , 

where b„i — [^J + 1, and h^^ — Y\''^™-^^[x2r-~i,X2r], while if k is an infinite field 
of characteristic p > 2, then 

CP{G{m)) = { [xi,X2], [xi,X2\[xs.,Xi],x{,X2b^-ihb^-i }^ 

+ { "^Ik+iWk I 1 < fc < 6m - 1 1'^, 

where for any k>l,Wk = Y{^r=i\-^'^r-i,X2r\x2r\x^r^ . 

3 The central polynomials of the finite dimen- 
sional nonunitary Grassmann algebra over a 
field of characteristic p ^2 

In this section, k denotes a field of characteristic p ^ 2, and for any positive 
integer m, Gf){m) denotes the subalgebra of Gq that is generated (as an algebra) 
by {ei,e2,...,e„}. 

The proof of the following lemma is very similar to that of Lemma 12.11 and 
will be omitted. 

Lemma 3.1 Let m be a positive integer. Then CGo{m) equal to Cgq nG'o(?Ti) 
if m is even, and to {Cgq H Go(m)) + (H^i ^i) ^Z*^ odd. 

Let xio X2 — X1X2 + X2X1, and for any n > i, xi o X2 o ■ ■ ■ o Xn — (xi 0x20 
• • • o Xn-i) o Xn- We remark that o is associative modulo T^^\ 

Lemma 3.2 ([6], Theorem 1) For any positive integer m, T{G{m)), the T- 
ideal of identities of the nonunitary Grassmann algebra G{m), is generated as 
a T-ideal by: 

(i) x\ and X1X2 ■•■ Xm+i */p = 2; 
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(a) x\, [xi, X2, x^], xi o X2 o ■ ■ ■ o xi^-f^i, if p > 2 and m is even; 

(Hi) x\, [x^ . x.s], {x^ o o ■ ■ ■ o X m+i )x m+3 , X m+3 {x^ o X9, o ■ ■ ■ o X m+i 



1+1 



and, if 2p — I divides m + l, Y[r=i [x2r-i,X2r\x^r-i^^r > ^ and 

m is odd; 

(iv) [xi,X2tX^] and xi o ■ ■ ■ o x^+i when m is even and p = 0, and by 

[a;i, a;2, a;3l, (x-] o x^o ■ ■ ■ o x m+i )x m+3 , and x m+sixio X20 ■■■ o Xm+i) when 
' 2 2 2 2 

m is odd and p ~ 0. 



The following corollary is a direct consequence of Lemma 13.21 and the fact 
that if / e ko{X) is such that for some variable x that does not appear in /, we 
have xf, fx e T{Go{m)), then / e CP{Go{m)). 

Corollary 3.1 For any odd positive integer m, xiox20- ■ -ox m+i £ CP{G(){m)). 

Definition 3.1 lfp~0, let S — {[xi,X2j^}^ , while if p > 2, then for each 
n > I, let Wn = nfe=i[^2fe-i,a;2fc]a;2^r_ia;2fc and set S ^ { [xi,X2] }^ + {wn \ 
n > 1}^ ■ Then for each positive integer m, let 



S(rn) 



S + { xi o ■ ■ ■ o X m+i }^ if ni is odd 
S if m is even, 



and let U{m) = S{m) + r(Go(m)). 

Our objective is to prove that for each positive integer m, CP{Go{m)) = 
U{m). It will be convenient to have the following notation. 

Definition 3.2 If p = 0, let BSS = SS, while if p > 2, let 

BSS = {u E SS I for any i, if x" is a factor of u, then a < p — 1} . 

Then for any positive integer m, let 

BSS{m) = { u e BSS \ deg{u) < m, deg{u) - lend{u) < (m + l)/2, 

m ~\- 1 

for any i, if xf is a factor of u, then a < — - — } 

SS'{m) = {ue BSS{m) \ lendiu) = 0} 
SS"{m) = {u e BSS{m) \ lbeg{u)lend{u) > 0}. 

Finally, let SSim) = SS'(m) U SS"{m). If u E BSS{m) satisfies deg(M) — 
lend{u) ~ (m + l)/2, then u is said to be extremal, otherwise u is said to be 
nan- extremal. 

Note that if BSS{m) contains an extremal element, necessarily m is odd. 
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Definition 3.3 A polynomial f G ki{X) is said to be essential in its variables 
if every variable that appears in any monomial of f appears in every monomial 
off- 

Lemma 3.3 ([1], Lemma 2.7) Let V be a T-space in ko{X). 

(i) Let f Cz V . Lf f is not essential in its variables, then there exist /q, /i G 
V such that / = /o + /i and M{fo) < M{f), M{fi) < M{f). 

(a) Let Ev = { f G V \ f is essential in its variables}. Then V = {Ey); 
that is, V is the linear span of E^ . 

In [6], Venkova states that she considers only fields of characteristic p > 2, 
but many of her results (with proofs) are valid unchanged for characteristic zero, 
and others are valid with obvious modifications for the case of characteristic 
zero. In fact, at the end of her paper, Venkova states that the proof of the 
characteristic zero results is analagous but simpler to that of the characteristic 
p > 2 case. In particular, with the definition of BSS above in the case of 
characteristic zero, the following two lemmas from [6j are valid in characteristic 
zero as well as characteristic p > 2. 

Lemma 3.4 (Venkova [6j, Lemma 6) Let m be even, and f be essential in 
k(){X), depending on xi, X2, . . . ,Xn. Then there exist Ur G BSS{ni) and Or G k 
for r £ F , F a finite set of positive integers, such that 

f = arUr {modT(Go{m))). 

Lemma 3.5 (Venkova, [6], Lemma 11) Let m be odd, and f be essential in 
k^l^X) , depending on Xi, X2, . . . , a;„. Then there exist G BSS{m) and a^. & k 
for r G F, F a finite set of positive integers, such that 

f = arUr {modT {GQ{m))) , 

reF 

where for each r Cz F, if Ur is extremal, then lbeg{ur) > and ii, the index of 
the first variable in the beginning ofur, is less than jr for any variable Xj^ that 
appears in the end of with degree p. 

Lemma 3.6 Let n be a positive integer, and Zet J„ = { 1, 2, . . . , n }. Then 

LtJ 

xi o ^2 o . . . o x„ = ^(-l)'^2"-i-^^ Pn{J)Q{J) (modT^^^), 

s=0 JC,/„ 

\J\=2s 

where Pn{J) = ^ if 2s = n, otherwise Pn{J) — Hr^i * -^^r Jn — J = 

{ ii, 12, ... , in-2s } and ii < i2 < ■ ■ ■ < in-2s, and Q{J) = 1 if J — (that is; 
s = Oj, else Q{J) = nr=i[^i2.-i i a^j^J, with J = {ji, . . . , j2s }, and ji < 32 < 

■■■ < j2s- 
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Proof. The proof is by induction on n, with base case n — 1. When n = 1, 
the value of the sum is Pi{0) = xi, as required. Suppose now that n > 1 is 
such that the assertion holds. Then modulo T^^\ we have 

Xi O X2 O ■ ■ ■ O Xn O Xn+1 = 2{xi O X2 O • • • O Xn)x„+1 - [xi O 2:2 O • ■ • O X„ , X„+l] 

EE 2^(-l)^2"-i-«^P„(J)a;„+ig(J) -^(-l)^-2"-i-^^[P„(J), x„+i]Q(J) 

s=0 JCJ„ s=0 JCJ„ 

\J\=2s \J\=2s 

LtJ L?J 

^£(-l)«2("+i)-i-^^P„+i(J)Q(J) -^(-1)^2-1-^^ P„+i(J)Q(J). 

|J|=2s |J|=2(s+l) 

Now if n is even, then [|J = [^i±ij , while if n is odd, then [ii±ij = [f J + 1 
and it is not possible to have J C J„+i with | J| — ji + l and ^ J. Thus in 
the first sum above, we may change the upper summation variable limit from 
L§J L'^^^J without changing the value of the sum. Furthermore, 

-j2i^irT-'-^ ^ p„+i(j)Q(j) - (-i)^2("+i)-i-^^ p„+i(j)g(j) 

s=0 JCJ„+i s=l JCJ„+i 

|7|=2(s+l) \J\=2s 

= 5^ (-l)^2("+i)-i-^^ P„+i(J)Q(J) 

s=0 JQJ„+i 
\J\=2b 

as there is no choice of J C J„+i with | J| = and Xn+i G J, and if n is even, 
there is no J C Jn+i of size n + 2, while if n is odd, then [^J + 1 = [^^^J . It 
now follows that modulo T'^', xi o x2 o ■ ■ ■ o Xn o Xn+i is congruent to 

^(_l)«2("+i)-i-^^P„+i(J)Q(J)+ ^(-l)^2("+i)-i-^^ P„+i(J)Q(J), 

s=0 ./CJ„ + i s=0 J'^Jn+i 

\J\=2s \J\=2s 

as required. ■ 

Note that as an immediate consequence of Lemma 13. 6[ when m is odd, 
xi o X2 o ■ ■ ■ o Xm+i e CP{Ga{m)) is in fact a central polynomial (that is, 
in CP{Go{'m)) — T(Go{'m))). For if we evaluate by setting Xi — 624-1624 for 
i = 1, 2, . . . , (m — l)/2, and X(^rn+i)/2 = e,™, the result is 2(™^-^)/^eie2 • • • 7^ 0. 
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Lemma 3.7 Let m he an odd positive integer. Then each extremal element of 
BSS{m) is congruent modulo U{m) to a linear combination of non-extremal 
elements of BSS{m). 

Proof. By Lemma 13.61 

XI OX2 O . . • OX(™+i)/2 = (-l)^2("-l)/2-« J2 P(nr+1)/2{J)Q{J) (modT^^)), 

\J\=2s 

and since xi o X2 ° ■ ■ ■ ° 2;(m+i)/2 G S{m), it follows that 

^'(™+i)/2(0) ^ E J2 Pim+i)MJ)QiJ) (mod{/(m)). 

.7|=2s 

Let u £ BSS{m) be extremal, so deg(u) < to and deg{u) — lend{u) — (m + l)/2, 
so < lend{u) < (m — l)/2. We claim that u is obtainable from P(m+i)/2{^) = 
X1X2 ■ ■ ■ a;(m+i)/2 by substitution. If lend{u) = 0, this is immediate, so we may 
suppose that s = lend{u) > 0. If lheg{u) = 0, then w e S' C U{m), and in such 
a case, there is nothing to show. Thus we may suppose that t = lbeg{u) > 
as well. Let z = (m + l)/2 — lend{u), and for convenience, let yi = Xz+i, i = 
1, 2, . . . , lend{u). Suppose that u = ^ir nr=i([^i2.-i 1 ^02M^ZZl^hl) = 

nLi^vn:=i(<T:>t'')n:=i[^...-i,2;,,J (modT(3)). since z = Aeg{u) - 
2s, which is the number of copies of variables , . . . , , Xj-^ , . . . , Xj^^ , we may 
obtain Jlr=i nr=i ('^j2^'^~i '^^2^'^) from X1X2 ■ ■■ ,Xz by substitution. Then let 
yi be replaced by [x2i-i, X2i] for z = 1, 2, . . . , s, with u as the end result. After 
substitution in the summation that is congruent to P(m+i)/2i^) modulo U{m), 
any summand that has a variable yi appearing in Q{J) will be (modT^^'), so 
the only terms that survive the substitution are those that have every yi appear- 
ing in P(„_|_i)/2(<^)- Thus each surviving summand contains every commutator 
factor of u, plus those from J. Since J 7^ for each summand, this means that 
each summand has greater end length than u. However, since each summand 
was (before substitution) multilinear of degree (to + l)/2, it follows that each 
summand after summation has the same degree as u, and so no summand is 
extremal, as required. By application of the various identities in Lemma II. H 
each summand can be converted, modulo T^^-* , into one or more elements of 
BSS{m) of the same degree, each with equal or greater end length than that of 
the summand. The result follows now. ■ 

Definition 3.4 Let t and n be positive integers with t < n, and define Mt.n to 
be the set of all elements of the form 

s 

r=l 



12 



or 




(2) 



or, in the case t — n only, elements of the form 



n 



(3) 



r=l 



as well, subject to the following requirements. 

(a) s,l>l. 

(b) 1 < ii < ■ ■ ■ < ii < t for elements of type (3.2) or (3.3). 

(c) ji <■■■ < j2s- 

(d) {ii, ...,ii,t}r\ {ji, . . . ,j2s} = 0. 

(e) {ii, . . . U {ji, . . . , j2s} = {!,■• • ."^l- 

(f) For every 1 < k <l, 1 < am, ctk < , and, if p > 2, am, ctk < P — 1- 

(g) Forl<r<2s,0<f3r< and, if p > 2, f3r < p - 1. 

Lemma 3.8 Let t, n be positive integers with t < n. Then for any u € Mt^n, 
there exist gi, g2, . . . , gn in Go{z), where z = 2(deg(M) — lend(u)) — 1, such that 
the following hold: 

(i) Q ^ u{gi, g2, . . . , gn) e {Yll^-i^e,); 

(ii) for any v £ Mtm with u> v, v{gi,g2, . . . , 5„) = 0; 

(Hi) ifp > 2, then for any g G Gq, [gt,g]gV^ = 0. 

Proof. This result follows immediately from Lemma 2.7 of [1], upon noting 
that u G Mt.n implies that every factor of the form x"^ for x G X has r < p, so 
r! ^ (modp), and r < so the evaluation of x^ in the lemma is always 

possible. ■ 

Theorem 3.1 For any positive integer m, CP{Go{m)) ~ U{m). 



Proof By .Ij, Theorem 2.1, S C GP{Go), and GP{Go) C GP{Go{m)), so 
5* C CP{Goim)). If m is even, S{m) = S and thus S{m) C CP(Go(m)), while 
if mis odd, then by CoroUaryO S{m) = S +{xio- ■ -ox s^±i }^ C CP(Go(to)). 
Thus C/(m) = Sim) + T{Go{m)) C CP(Go(m)). 



For the converse, we note that CP{Ga{m)) is a T-space, and thus by Lemma 
13.31 (ii), CP{G[){m)) is the linear span of its essential polynomials. It suffices 
therefore to prove that any essential element of CP{Go{m)) belongs to U{m). 
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So let / G CP{Go{m)) be essential in CP{Go{m)), and suppose that / ^ U{m). 
By Lemma 13.41 if m is even, or by Lemma 13.51 if m is odd, / is congruent 
modulo T{Gm) to a linear combination ^ a^Ui of Ui e BSS{m). By Lemma 
13.71 we may assume that no Ui is extremal, so in the latter case, we would 
have 2 deg(Mi) — 2lend{ui) < m—1. Without loss of generality, we may assume 
that the variables that appear in / are xi,X2, ■ ■ ■ ,Xn for some positive integer 
n. We may further assume that for each i, Ui is essential in kQ{X) in the 
variables xi,X2, ■ ■ ■ ^Xn- For suppose to the contrary that for some i and j, xj 
does not appear in m. Let /o = J^x^ not in °'r'^r and /o = X^a^^in 
/ = /0+./1 (mod r(Go(m))). Since appears in every monomial in / and in /i, 
we have = /^^^ = /o+(/i^^-=o) = /o (modC/(m)), and so / = /i (mod;7(m)). 
Next, we observe that for any i, if lbeg{ui) = 0, then by [T], Corollary 2.1, 
e 5" + r(3) c T{Go{m)). Thus for each lbeg{u^) > 0. Let 

d — max{ j \ 1 < j < n and there exists i such that 

appears in the beginning oi Ui}. 

Let X — {i \ Xd appears in the beginning of Ui }, and note that for each i d X , 
Ui e Md,n- Let fd = J2iex "■i'^i^ ^^^^ fd ^ i^'^d.n), and let fe = Si^x 
so that f = fd + fe (mod J7 (m)). 

Suppose that fe £ U{m). Then fd ^ f ^ {modU{m)), and so g 
(Md^n) — {0}. Let j G X he such that > Ui for all i G X, i 7^ j. By 
Lemma [3.8[ there exist 51,52, ■ ■ ■ ,gn G Ga{m) such that /d(5i,52, • ■ • ,5n) is a 
scalar multiple of 6162 • • • e^, where 2: = 2deg(uj) — 2lend{uj) — 1 < m — 1. 
Thus /d(5i,52, ■ • ■ ,5n) ^ C'Go(m) and so fd ^ CP(Go(m)), which means that 
/ ^ CP{Go{m)). Since this is not the case, it follows that fe ^ U{m). Consider 
j such that OijUj is a summand of fe- Suppose that deg^ Uj < p, so there exist 
< ii < 12 < ■ ■ ■ < it < d, positive integers ai, . . . , at , < ji < ■ ■ ■ < j2s, 
nonnegative integers Pi, ... , /32s such that m. G { j'l, . . . , j2s }, /3d < P — 2, and 

t s 
k=l r=l 

We may assume without loss of generality that d is odd, since the argument 
for the case when d is even can be converted, modulo T'^^ to the case where d is 
odd by a sign change in aj. Thus d = 2b — 1 for some b with 1 < & < s, and for 
convenience, let /3 = Pj2b-i- We apply [T], Corollary 2.2, taking v — nl=i ^il* 



14 



and u = \^ r=i [^j2r-n ^j2T]^^2r^i^hr ^ ^""^^ thai 



32b 

t t 



fc=i 1=1 (iii) and (vi) 



T 



(3) 



Y.{P+l)-'ak{\{xl^)xf'+\x,,,,x,,]xf^lxl^-^u by LemmaO(vi) 



fe=i 1=1 



Now for each k, (Y\_Xi^')xci^^[xj2b,Xi^]Xj^l^x'^^ is equal to 



1=1 

l^k 



^J2r-1 1 ^]2r \-^j2r-l j2r ' 

1=1 r=l 
l^k r^b 

and by Lemma ll.H working modulo T^^\ the end of this element can be rear- 
ranged so as to give an element of R with beginning (ni=i 2;"')a^^^^- We have 

proven now that if deg^^ Uj < p, then Uj is congruent to a linear combination 
of elements of Md^n- It follows that d is such that there exist fd G (Md^n) and 
fe in 

({ u G i? I deg^^ u — p and for every i, i < d if Xi is in the beginning of u }) 

such that f = fd + fe (mod {S + T'^)). Suppose now that d is minimal with 
respect to this property If /d = (mod S + T^^)), then / = /e (mod S + T^^)), 
which contradicts our choice of d since fe is a linear combination of elements of R 
in whose beginning only elements Xi with i < d appear. Thus fd € {Md,n) — { }, 
and so by Lemma I3.8( there exist 51 , 172 , • ■ • , 5n £ Go {m) such that (as above) 
fd{gi,g2, ■ ■ • ,ffn) ^ GcoCm) and for any g G Go(m) and any positive integer /3, 
[dm, g]g?,r^g'^ = 0. Since fe where for each i, Vi e R and deg^.^^ = p, 

it follows that in each Vi, Xd appears in a term of the form [xd,g]x^~^g^, and 
so Vi{gi,g2, . . . ,g„) = for each i. Thus f{gi,g2, . • • = fd{gi,g2, . . • + 
(modC'G(,(™)). But fd{gi,g2,---,gn) ^ GGo(m), and thus / ^ C'P(Go(m)). 
Since this contradiction follows from our assumption that / ^ U{m), it follows 
that / G U{m), as required. ■ 

We note that by 6 Lemma 9, if p > 2, then w„ e T{Go{m)) for n > 2(2p^i) ■ 
We shaU let ro = 2pF^- 
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Corollary 3.2 If k if a field of characteristic zero, then 

CP{Go{m)) = { [xi,X2], [a;i,a;2][a;3,a;4],a;i o • • • o a;^^, (a;i o ■ ■ ■ o Xb„)xb^+i }^ 

where bm = [^J , while if k is a field of characteristic p > 2, then 

CP{Go{m)) = {[xi,X2],[xi,X2\[xs,Xi],xi o---oxb^,{xi o ■ ■ ■ o Xb^)xi,^+\}^ 
+ {x{, X2xlY + [wu \l<k<r^f 

+ { M I if m is odd and tq G Z, then u = X2ro+iWro! slse u = 0}^ 

References 

[1] Chuluundorj Bekh-Ochir and S. A. Rankin, The central polynomials of the 
infinite dimensional unitary and nonunitary Grassmann algebras, preprint. 

[2] Chuluundorj Bekh-Ochir and D. M. Riley, On the Grassmann T-space, 
Journal of Algebra and its Applications 7 (2008), no. 3, 319-336. 

[3] V.S. Drensky, Free algebras and Pl-algehras. Graduate course in algebra. 
Springer- Verlag Singapore, Singapore, 2000. 

[4] A. Giambruno and P. Koshlukov, On the identities of the Grassmann alge- 
bras in characteristic p>0, 1st. J. Math. 122 (2001), 305 316. 

[5] Plamen Zh. Chiripov and Plamen N. Siderov, On bases for identities of 
some varieties of associative algebras (Russian), PLISKA Stud. Math. Bul- 
gar, 2 (1981), 103-115. 

[6] A. N. Stojanova-Venkova, Bases of identities of Grassmann algebras, 
Serdica 6 (1980), no. 1, 63-72. 



16 



